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Abstract
We study conformal properties of the quantum kinetic equations in curved spacetime.
A transformation law for the covariant Wigner function under conformal transformations
of a spacetime is derived by using the formalism of tangent bundles. The conformal
invariance of the quantum corrected Vlasov equation is proven. This provides a basis for
generating new solutions of the quantum kinetic equations in the presence of gravitational
and other external fields. We use our method to find explicit quantum corrections to
the class of locally isotropic distributions, to which equilibrium distributions belong.
We show that the quantum corrected stress–energy tensor for such distributions has, in
general, a non–equilibrium structure. Local thermal equilibrium is possible in quantum
systems only if an underlying spacetime is conformally static (not stationary). Possible
applications of our results are discussed.
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I Introduction
In a regime where the curvature of a spacetime is less than the Planck scale, a semi-
classical approximation to the quantum gravity is considered to be sufficient [1, 2]. This
approximation is valid for ”nearly” classical systems, for which quantum fluctuations in the
stress-energy tensor are small enough [3]. In such cases the method of Wigner functions
[4, 5, 6] is particularly convenient. It allows one to derive, from quantum field equations,
quantum kinetic equations for Wigner functions. Iterative solutions of the kinetic equations
give quantum corrections to classical distribution functions, which are used to compute ex-
pectation values of local observables such as the stress-energy tensor, the number–flux vector
etc. The standard definition of the flat–space Wigner function exploits the Wigner– Weyl
transformation [5] which fails in curved spacetime. Different approaches have been proposed
to extend the notion of the Wigner–Weyl transformation to curved spacetime. In Ref. [8], a
Wigner–Weyl–type transformation is defined by considering the bundle of geodesic lines on
a manifold. Ref. [9] utilizes Riemann normal coordinate systems and adiabatic expansions
similar to one used by [12] for studying ultraviolet properties of Green functions in curved
spacetime. In Ref. [10], a covariant Wigner function is defined by using the formalism of
tangent bundles. All three approaches mentioned, being intrinsically different, are locally
equivalent to each other [11], in the sense of adiabatic expansions, and yield the same quan-
tum corrected Vlasov–type kinetic equations. The mathematical structure of the equations
is rather complicated, even at lowest adiabatic order. This makes difficult the study of
properties of generic solutions of the quantum kinetic equations in an arbitrary background
spacetime. No doubt that any explicit computation of the Wigner function may be useful
1
for better understanding of quantum kinetic processes in gravitating systems.
If a spacetime manifold is endued with some symmetries then both classical and quan-
tum kinetic equations can often be solved explicitly. By now, only in a very few cases explicit
solutions of the quantum corrected Vlasov equation in curved spacetime have been obtained.
They include the Freidmann–Robertson–Walker cosmology [13, 14], stationary spacetimes
[15] and some others [16]. A common property of those solutions is that the quantum correc-
tions are local in phase space. Once a solution of the Vlasov equation (a classical distribution
function) is known, one can compute, to a given adiabatic order, the Wigner function which
corresponds to this solution, by applying a certain finite order differential operator to the
classical distribution function. This property implies that one can express the expectation
value of the stress– energy tensor or of any other local observable in terms of moments of
the classical distribution function multiplied by some local geometrical quantities. This fa-
cilitates to a great extent the analysis of the back–reaction problem in those cases.
The natural question arises how symmetries of a spacetime manifest themselves in
Wigner functions. In the present paper, we consider a particular, but important, type of
geometrical symmetries, the conformal symmetry. For simplicity, attention will be restricted
to the case of a scalar field, spin–12 and spin–1 fields can be treated similarly [11, 16]. The
conformal symmetry is usually understood as the invariance of the generalized massless Klein–
Gordon equation (with the term 16Rϕ involved [1]) under the conformal rescaling of the metric
and of the scalar field: gαβ → a2gαβ , ϕ → ϕ/a. If the scalar field is coupled to an external
potential, the latter must also be transformed in such a way that the scalar field equation
remains invariant under this extended group of conformal transformations.
Two different views at the conformal symmetry are possible. When the external po-
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tential has a direct physical meaning, the conformal symmetry is a dynamical symmetry of
the physical system under consideration. This is the case, for example, in the ϕ4 theory where
the expectation value 〈ϕ3〉 plays a role of an external potential for quantum perturbations.
The second point of view is formal. One can treat, for example, the mass of the scalar field
as an external potential and use the conformal symmetry as a convenient tool for generating
new solutions of the field equation [17].
In this paper, we study transformation properties of the covariant Wigner function
under the conformal transformation. As we have mentioned, different curved–space exten-
sions of the flat–space Wigner function are possible, all of them giving similar adiabatic
expansions. The use of the tangent bundle technique is particularly convenient for exploring
mathematical properties of the Wigner function. By using the formalism of tangent bundles
we derive, to second adiabatic order, the transformation law for the Wigner function and
prove the conformal invariance of the quantum–corrected Vlasov equation. We then use our
result to find explicit quantum corrections to the class of distribution functions which are
locally isotropic in momentum space, i.e. have the form Fcl(x, p) = F (x, u
α(x)pα). As it was
shown by [18, 19], in the case where external fields other than gravitation are absent, such
form of the distribution function imposes the following restriction on the underlying space-
time: it must be or stationary or conformally static (with a special form of the conformal
factor). In the presence of an external potential this condition has to be modified. We do
this by using the conformal properties of the Vlasov equation. We also analyse the structure
of the quantum corrected stress–energy tensor and number–flux vector, and show that the
quantum corrections lead, in general, to non–vanishing heat flux and viscosity, even if the
classical distribution implies local thermal equilibrium.
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The paper is organized as follows. In Sec. II, we outline the formalism of the Wigner
function in curved spacetime. Section III derives the transformation law for the Wigner
function. The lowest order quantum corrections to the isotropic distributions are evaluated
in Sec. IV, and the quantum corrected stress–energy tensor and number–flux vector are
calculated in Sec. V. Section VI contains some remarks concerning possible applications of
our results. In Appendix A, technical details used for the evaluation of the transformation
law are presented, and in Appendix B, the conformal invariance of the quantum corrected
Vlasov equation is proven. Appendix C recalls some properties of the stress–energy tensor.
Conventions used throughout are the following. Greek indices run from 0 to 3, Latin
indices from 1 to 3. The signature for the metric tensor is (+ − −−). The Riemann tensor
Rµναβ is defined by
[∇α,∇β ] Xµ = Rµναβ Xν . (1.1)
The Ricci tensor is Rαβ = R
ν
ανβ, the scalar curvature R = R
α
α.
II The covariant Wigner function
To keep the paper self contained, we shall outline our definition and some properties
of the covariant Wigner function in curved spacetime [10, 11]. Let ϕ(x) be a scalar field on a
spacetime manifold M with the metric gαβ(x), and Tx(M) be the tangent space at a point
x. The horizontal lift of the covariant derivative operator ∇α to the tangent bundle T (M)
is defined by [20]
∇ˆα = ∇α − Γβαν yν
∂
∂yβ
, (2.1)
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where yα are components of a tangent vector pertaining to Tx(M) , and Γβαν(x) are the
Christoffel symbols. Let us introduce the horizontal lift of the scalar field:
Φ(x, y) = exp(yα∇ˆα)ϕ(x) . (2.2)
Then, the covariant Wigner function is defined as follows:
f(x, p) = (pih¯)−4
√
−g(x)
∫
Tx(M)
d4 y e−2iy
αpα/h¯ 〈Φ(x,−y)Φ†(x, y)〉 , (2.3)
where the bracket stand for an ensemble averaging with some density matrix defined on a
Cauchy hypersurface [7], the dagger indicates the hermitian conjugation.
If the field ϕ(x) is a solution of the generalized Klein–Gordon equation:
(
h¯2∇α∇α − 1
6
h¯2R(x) + V (x)
)
ϕ(x) = 0 , (2.4)
then the Wigner function obeys the quantum corrected Liouville–Vlasov equation supple-
mented by the quantum corrected mass–shell constraint [8, 9, 11]. The explicit form of the
equations to second adiabatic order is given in Appendix B. We note here that a Wigner
function satisfying these equations (to second adiabatic order) is represented as the series in
derivatives of the Dirac δ–function [9, 11]:
f(x, p) =
(
Fcl(x, p) + h¯
2Fqu(x, p)
)
δ(Ω)+h¯2F1(x, p) δ
′(Ω)+h¯2F2(x, p) δ
′′(Ω)+h¯2F3(x, p) δ
′′′(Ω) ,
(2.5)
with the argument of the δ–function being
Ω = gαβ(x)pαpβ − V (x) . (2.6)
The functions Fn(x, p) , n = 1, 2, 3, are expressed in terms of the classical distribution
function Fcl(x, p), in such a way that the quantum corrected mass–shell constraint is satisfied
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(see Appendix B), assuming that Fcl(x, p) obeys the Vlasov equation:
δ(Ω)
(
LˆFcl(x, p)
)
= 0 . (2.7)
Here Lˆ is the Liouville–Vlasov operator [21, 22, 24]:
Lˆ = pαDα + 1
2
V,α
∂
∂pα
, (2.8)
Dα being the horizontal lift of the covariant derivative operator to the cotangent bundle [20]:
Dα = ∇α + Γµαβ pµ
∂
∂pβ
. (2.9)
The function Fqu(x, p) is found by integrating the quantum transport equation (see Appendix
B) along classical trajectories [9, 11].
Equation (2.7) defines the classical distribution function only on the mass shell Ω = 0.
This is sufficient so far as one is interested in classical observables defined on the mass shell
[22]. In quantum kinetic theory the situation is different [11]. Though the function Fcl(x, p)
is tied up with the δ–function in the expansion (2.5), its properties out of the mass shell
influence upon both the off–shell quantum corrections, the Fn’s, and the on–shell quantum
corrections, Fqu(x, p). The latter becomes evident if we get rid of the δ–function in Eq. (2.7).
The function Fcl(x, p) must satisfy the generalized Vlasov equation:
Lˆ Fcl(x, p) = Ω∆F (x, p) , (2.10)
∆F being an arbitrary function which is assumed to be non–singular on the mass shell.
Then the equation governing the evolution of Fqu(x, p) explicitly involves the function ∆F
(see Appendix B). In the next section we shall see that, in general, one can not get rid of
∆F . Even if the right–hand side of Eq. (2.10) happens to vanish for some system, for systems
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conformally related to the one under consideration, the Liouville–Vlasov operator annihilates
Fcl on the mass shell only.
III The Wigner function and conformal transformations of a
spacetime
Let us now consider the conformal transformation on a spacetime manifold (we shall
use throughout an overline for quantities in the conformally related spacetime):
gαβ(x) = a(x)
2 gαβ(x) ,
ϕ(x) = ϕ(x)/a(x) ,
V (x) = V (x)/a(x)2 ,
(3.1)
a(x) being an arbitrary smooth function. Equation (2.4) is known to be invariant under
such a transformation [1]. If ϕ(x) is a solution of Eq. (2.4) on the manifold M with the
metric gαβ(x) and in the presence of the external potential V (x), then ϕ(x) is a solution of
the conformally transformed equation on the manifold M with the metric gαβ(x) and in the
presence of the external potential V (x), and vice versa.
One can expect that the Wigner function f(x, p) associated with the field ϕ must
be somehow connected to the Wigner function f(x, p) associated with the field ϕ. In the
classical limit (h¯→ 0) the connection is very simple. The mass shell (2.6) is only scaled under
the conformal transformation (we treat covariant components of the momentum vector, pα,
and contravariant components of the vector yα as parameters which are not changed under
conformal transformations, therefore, making difference between the tangent and cotangent
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spaces). Thus,
Ω = Ωa−2 . (3.2)
Next, under the conformal transformation (3.1), the Liouville–Vlasov operator is transformed
as follows:
Lˆ = Lˆa−2 + aα ∂
∂pα
Ω , (3.3)
where
aα =
∂
∂xα
ln a . (3.4)
By comparing Eqs. (3.2),(3.3) with Eqs. (B2) and (B1), one can conclude that the transfor-
mation law for the Wigner function should be
f(x, p) = a(x)2 f(x, p) + quantum corrections . (3.5)
We could also arrive at Eq. (3.5) by writing the transformation law for the Liouville–
Vlasov operator in the form
Lˆ = a−2 Lˆ+Ω aα ∂
∂pα
. (3.6)
From Eqs. (2.7) and (3.6) it follows that the classical distribution function remains invariant
under the conformal transformation. Then Eqs. (2.5) and (3.2) imply (3.5).
One can also see from Eq. (3.6) that, unlike Eq. (2.7), the off–shell Vlasov equation
(2.10) is not invariant under the conformal transformation. Namely, the function ∆F is
changed as follows:
∆F (x, p) = ∆F (x, p) + aα
∂
∂pα
Fcl(x, p) . (3.7)
In order to find the quantum corrections in Eq. (3.5), we must turn to the definition of
the covariant Wigner function (2.3). First, we write the transformation law for the operator
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∇ˆα , Eq. (2.1), when acting to a scalar function in the tangent bundle. Under the conformal
transformation of the metric, Eq. (3.1), it is transformed as follows (cf. Eq. (B14)):
∇ˆα = ∇ˆα − aνyν ∂
∂yα
− aαyν ∂
∂yν
+ yαa
ν ∂
∂yν
. (3.8)
Let us now write the field (2.2) in the following way (compare Eq. (3.1)):
Φ(x, y) =
(
e(y
α∇ˆα)a−1e(−y
α∇ˆα)
) (
e(y
α∇ˆα) e(−y
α ˆ∇α)
) (
e(y
α ˆ∇α)ϕ(x)
)
. (3.9)
The last factor on the right–hand–side of Eq. (3.9) is , by the definition, Φ(x, y). The second
factor, which is an operator acting in the tangent bundle, can be expanded as follows (see
Appendix A):
Zˆ(x, y) := e(y
α∇ˆα) e(−y
α ˆ∇α)
= 1 +Aα
(
1
2
∇ˆα − ∂
∂yα
)
+Bα
(
1
3
∇ˆα − 1
2
∂
∂yα
)
+
1
2
AαAβ
(
1
4
∇ˆα∇ˆβ − ∂
∂yβ
∇ˆα + ∂
2
∂yα∂yβ
)
+ terms of higher orders , (3.10)
where Aα and Bα are given in Appendix A.
Lastly, the first factor on the right–hand side of Eq. (3.9) is a function which involves
the conformal factor a(x) and its derivatives. The known formula gives the expansion:
A(x, y) := e(y
α∇ˆα)a−1e(−y
α∇ˆα)
= a−1
(
1− yαaα + 1
2
(yαaα)
2 − 1
2
yαyβaα;β
)
+ terms of higher orders , (3.11)
where aα;β := ∇βaα. On the right–hand side of Eqs. (3.10), (3.11), we have kept only those
terms which yield lowest order quantum corrections to Eq. (3.5).
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We are now prepared to write down the transformation law for the Wigner function,
correct to second adiabatic order. Before doing that we note the following identity [11]:
∂
∂yα
Φ(x, y) = ∇ˆαΦ(x, y) + terms of second or higher orders . (3.12)
Then, with the aid of the results of Appendix A, we finally get:
f(x, p) = a2
(
1 +
h¯2
4
aα;β
∂2
∂pα∂pβ
+
h¯2
8
Aα(∂p)Dα − h¯
2
24
Bα(∂p) pα
)
f(x, p)
+ terms of higher adiabatic order , (3.13)
where the operator Dα is conformally related to (2.9), and A
α(∂p) and B
α(∂p) are the
following operators (cf. Eqs. (A2),(A3)):
Aα(∂p) = (2 aµ δ
α
ν − aα gµν)
∂2
∂pµ∂pν
, (3.14)
Bα(∂p) = (2aµ;ν δ
α
γ − aα;µ gνγ − 8aµ aν δαγ + 2 aβ aβ gµν δαγ + 4 aα aµ gνγ)
∂3
∂pµ∂pν∂pγ
. (3.15)
We have denoted aµ;ν := ∇νaµ and aα := gαβaβ.
Equations (3.13)–(3.15) give the transformation law for the Wigner function which
we have been seeking, correct to second adiabatic order. It is worth noting that the transfor-
mation law has been derived irrespective of any specific form of quantum kinetic equations,
and it holds independently of whether or not the Wigner functions satisfy these equations.
One could follow a different way. Given equations which govern the evolution of a Wigner
function, one may seek a transformation which leaves the equations invariant under the con-
formal transformation of the metric and the external potential. This is what we did in order
to obtain the transformation law at zeroth order, Eq. (3.5). However, this program meets
serious problems at higher orders because the structure of the quantum kinetic equations in
curved spacetime is very complicated. Instead in Appendix B we prove, to second order, the
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conformal invariance of the collisionless quantum kinetic equations by using the transforma-
tion law for the Wigner function.
One may make sure that Eqs. (3.13)–(3.15) yield the right transformation law for
physical observables. For example, the number–flux vector defined by [11]
〈Jα(x)〉 =
∫
d4 p√−g(x) pα f(x, p) , (3.16)
is transformed as follows:
(−g)1/4 〈Jα〉 = (−g)1/4 〈Jα〉 . (3.17)
The transformation law (3.17) implies that the number of ”particles” (defined as in kinetic
theory) in a comoving three–volume, dN := 〈Jα〉dΣα, is an invariant of the group of conformal
transformations. Here dΣα :=
√−g εασµν dxσdxµdxν .
The transformation law for the stress–energy tensor depends upon an explicit form
of the external potential. For a scalar field coupled to curvature one gets (see Appendix C)
(g/g)1/4 〈Tαβ〉 = 〈Tαβ〉+ h¯
2
2
(6ξ − 1)
(
2 a a(α∇β) − a gαβ aν ∇ν − gαβ aνν
)
(N/a) , (3.18)
where ξ is the nonminimal gravitational coupling constant and
N(x) =
∫
d4 p√−g(x) f(x, p) . (3.19)
IV Quantum corrections to isotropic distributions
Let us consider a system in external fields gαβ and V whose classical distribution
function (which is assumed obeying the Vlasov equation) is locally isotropic in momentum
space, that is Fcl(x, p) = F (x, u
α(x)pα), u
α(x) being some world velocity field. Of course, the
external fields must be consistent with the symmetry of the distribution function. From the
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results of Refs. [18, 19] and from the conformal invariance of the Vlasov equation it follows
that only two possibilities exist:
A. The metric is conformally stationary, i. e. the line element takes the form (in preferred
coordinates)
ds2 = a2(dt2 + 2g0idx
0dxi + gijdx
idxj) , (4.1)
with g0i and gij being functions of the spatial coordinates x
i alone, and either the potential
V equals zero or the function V := V a2 does not depend on time;
B. The metric is conformally static, that is g0i = 0 in some coordinate system, and the
function V depends on time alone (since the Vlasov equation is linear in V , one can conclude
that in Case B the function V may be of the form [19] V = V 1(t) + V 2(x
i) ; we shall not
deal with this more general situation here).
In accordance with our strategy, we can solve the quantum kinetic equation in an
auxiliary spacetime with the line element
ds2 = dt2 + 2g0idx
0dxi + gijdx
idxj , (4.2)
and then use Eq. (3.13) to calculate the Wigner function in the physical spacetime.
In the spacetime with the metric gαβ there exist a unit time–like Killing vector ξ
α
,
ξ
α
ξα = 1 (ξ
α
= δα0 in the preferred coordinates), which obeys the equation [23]:
∇αξβ +∇βξα = 0 in Case A , (4.3)
or ∇αξβ = 0 in Case B . (4.4)
The potential must satisfy the conditions:
ξ
α
V ;α = 0 = ξ
α
ξ
β
V ;αβ = . . . in Case A , (4.5)
∆
αβ
V ;α = 0 = ∆
αβ
V ;αβ = . . . in Case B . (4.6)
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Here
∆
αβ
:= ξ
α
ξ
β − gαβ (4.7)
is the space–like projection operator and V ;α := ∇αV etc.
In the two cases considered, the locally isotropic distribution functions [19] take the
form (one can see that in Case B the distribution function bellow has the desired form
F (x, uα(x)pα) on the mass shell):
Fcl = F (ξ
α
pα) in Case A , (4.8)
Fcl = F (
√
∆
αβ
pαpβ) in Case B . (4.9)
We proceed now to the derivation of the quantum corrections to the classical distri-
bution functions. Both the function (4.8) and the function (4.9) satisfy the off–shell Vlasov
equation in the external fields gαβ and V , with ∆F being zero (see Eq. (2.10)). Note, how-
ever, that for systems conformally related to the ones under consideration, ∆F 6= 0, as it
follows from Eq. (3.7).
The semiclassical Wigner functions which correspond to the distribution functions
(4.8) and (4.9) in the spacetime M are represented by the same expansions as in Eq. (2.5),
with the argument of the δ–function being
Ω = gαβpαpβ − V . (4.10)
The off–shell quantum corrections are obtained by substituting the classical distribution
functions (4.8) and (4.9) into Eq. (B6). Both in Case A and in Case B, they can be written
in the form:
F 1 = −1
6
(
R+ 2R
µ ν
α.β pµpν
∂2
∂pα∂pβ
)
Fcl ,
13
F 2 =
(
−1
3
R
µν
pµpν +
1
4
V
;α
α +
1
2
V
;µ
ν pµ
∂
∂pν
)
Fcl ,
F 3 =
1
12
(
2V
;µν
pµpν − V ;αV ;α
)
Fcl . (4.11)
Next, the on–shell quantum corrections are found from Eq. (B7). It follows from the
conditions listed in Eqs. (4.5) and (4.6) that the equation for F qu can be integrated as if
the potential V were constant. A solution of this equation which corresponds to the classical
distribution (4.8) was found in Ref. [15]. It reads (with ξ
α
ξα = 1)
F qu = −1
6
Rαβ
∂2
∂pα∂pβ
Fcl in Case A. (4.12)
Let us now consider Case B. It follows from Eq. (4.4) that the following identities
hold [23]:
ξ
α
Rαβµν = 0 = ξ
σ
Rαβµν;σ . (4.13)
By using Eqs. (4.4), (4.6) and (4.13) one readily gets that the function
F qu = − 1
12
Rαβ
∂2
∂pα∂pβ
Fcl in Case B (4.14)
satisfies the quantum kinetic equation (B7), with Fcl being of the form (4.9).
Equations (4.11) and (4.12) give the second order quantum corrections to the locally
isotropic distribution (4.8) in a stationary spacetime in the presence of a static potential
(Case A), while Eqs. (4.11) and (4.14) give the quantum corrections to the distribution (4.9)
in a static spacetime in the presence of a homogeneous potential (Case B). As we have said,
the Wigner functions for systems conformally related to the ones which have been considered
in this section are obtained by using Eqs. (3.1) and (3.13). In the next section we shall
analyse the structure of the quantum corrected number–flux vector and stress–energy tensor
in these cases.
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V Quantum corrections to a perfect fluid
The distributions (4.8) and (4.9) both imply that the classical stress–energy tensor
has a perfect fluid structure [19],
〈Tαβcl 〉 = (εcl + P cl) ξα ξβ − P cl gαβ , (5.1)
the classical energy density εcl and pressure P cl being given by
εcl = 2pi
∫ ∞
0
d p p2 (V + p2)1/2 Fcl(V , p) ,
P cl =
1
3
2pi
∫ ∞
0
d p p4 (V + p2)−1/2 Fcl(V , p) , (5.2)
with (compare Eqs. (4.8), (4.9))
Fcl(V , p) =


F (
√
V + p2) in Case A
F (p) in Case B .
(5.3)
The classical number–flux vector associated with the locally isotropic distributions reads:
〈Jαcl〉 = ncl ξα , (5.4)
the classical number density being
ncl = 2pi
∫ ∞
0
d p p2 Fcl(V , p) . (5.5)
It should be mentioned that we have taken into account positive ”energies” only,
E =
√
V + p2, when integrating over the mass shell. This is tantamount to multiplying the
distribution function by the step function [24] Θ(ξ
α
pα). Though ξ
α
pα is not a constant of
motion in Case B, the step function is ”ignored” by the Liouville–Vlasov operator, neither
it contributes to the quantum kinetic equation, since differentiation of the step function
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gives δ(ξ
α
pα) which vanishes on the mass shell (we assume that, in the classical limit, V is
non–negative everywhere in the spacetime). Note that negative ”energies”, E = −
√
V + p2,
correspond to antiparticles [6].
The quantum corrections to Eqs. (5.1),(5.4) are easily obtained by substituting the
Wigner functions found in the preceding section into Eqs. (C4) and (3.16). We shall first
consider Case B. The second order quantum corrections to the number flux (5.4) can be
shown to vanish. The quantum corrected stress–energy tensor can be written, after some
simple algebra, in the following form:
〈Tαβ〉 = 〈Tαβcl 〉+ h¯2 (ξ −
1
6
)R
αβ
M1,1 + h¯
2 V¨ ∆
αβ
(
1
2
(ξ − 1
6
)M1,2 − 1
24
V M1,3
)
− h¯2 V˙ 2∆αβ
(
3
4
(ξ − 1
6
)M1,3 − 1
96
M2,4 − 1
16
V M1,4
)
+
1
32
V˙
2
ξ
α
ξ
β
M1,3 . (5.6)
Here V˙ := ξ
α∇αV etc. , ∆αβ is defined by Eq. (4.7), and the M’s denote the integrals:
Mn,k = 2pi
∫ ∞
0
d p p2n (V + p2)1/2−k F (p) . (5.7)
The stress–energy tensor (5.6) has an ”almost” perfect fluid form, except the second
term which involves R
αβ
. The latter has in general off–diagonal components. Note, however,
that the Einstein equations impose severe restrictions on the underlying spacetime. Suppose,
for example, that the conformal factor in Eq. (4.1) depends on time only: a = a(t) (recall
that we are considering Case B, that is g0i = 0 in the preferred coordinates). If the total
stress–energy tensor of classical matter is assumed to have a perfect fluid form then the
physical spacetime is necessary a Robertson–Walker one [19]. Then R
αβ
= 2K∆
αβ
, with
K = −1, 0, 1, that is the quantum–corrected stress–energy tensor preserves the perfect fluid
structure in this case.
Let us write down the stress–energy tensor with the second order quantum corrections
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in a Robertson–Walker spacetime with the line element
ds2 = a2 (dt2 − dr
2
1−Kr2 − r
2dθ2 − r2 sin2 θdϕ2) . (5.8)
Since the Bianchi identities hold automatically for the stress–energy tensor derived in kinetic
theory, it suffices to know the energy density ε := 〈T 00 〉. Making use of Eqs. (3.18), (5.2) and
(5.6) gives
ε =
1
a4
M1,0 +
h¯2
2a4
(1− 6ξ) ( a˙
2
a2
−K)M1,1
+
h¯2
4
(1 − 6ξ) a˙
a3
(U˙ + 2
a˙
a
U)M1,2 +
h¯2
32
(U˙ + 2
a˙
a
U)2M1,3 . (5.9)
Here dots stand for the time derivative, and the M’s are given by Eq. (5.7), with V = Ua2,
U being the classical part of the external potential in the Robertson–Walker spacetime (see
Appendix C). Equation (5.9) extends the result of Ref. [13] to the case of a variable potential
and the nonminimal coupling to curvature. Physical manifestations of the quantum kinetic
corrections in the Friedmann–Robertson–Walker cosmology have been examined in Ref. [14].
It was shown there that the quantum corrected energy density causes an apparent time
variation of the value of the gravitational constant in the early universe.
We turn now to Case A of the preceding section. The structure of the quantum
corrections is more complicated in this case. To avoid lengthy expressions, we shall confine
our attention to systems for which V = 0. Substituting the distribution function (4.8) and
the quantum corrections to it given by Eqs. (4.11), (4.12) into Eqs. (3.16) and (C4) gives the
quantum corrected number–flux vector and stress–energy tensor in a stationary spacetime
(recall that ξ
α
ξα = 1):
〈Jα〉 = ξαM2 − h¯
2
6
∆
αµ
ξ
ν
Rµν M0 , (5.10)
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〈Tαβ〉 = 1
3
(4 ξ
α
ξ
β − gαβ) (M3 − h¯
2
2
ξ
µ
ξ
ν
Rµν M1)
+
2h¯2
3
(ξ
(α
R
β)µ
ξµ − ξµ ξν Rαµβν)M1 . (5.11)
Here R
αµβν
is the Riemann tensor of the stationary spacetime, and
Mn = 2pi
∫ ∞
0
d p pn F (p) . (5.12)
The remarkable feature of the quantum corrections in Eqs. (5.10), (5.11) is that they
have a non–equilibrium structure. To show this explicitly, let us compute the invariants of
the number–flux vector and stress–energy tensor. The hydrodynamical velocity associated
with the number flux (5.10) is
vα = ξ
α − h¯
2
6
∆
αµ
ξ
ν
Rµν M0/M2 . (5.13)
If we decompose the stress–energy tensor (5.11) like in Eq. (C8) we find next, with the aid
of Eq. (C10), that the eigenvector of 〈Tαβ〉 is
uα = ξ
α − h¯
2
4
∆
αµ
ξ
ν
Rµν M1/M3 . (5.14)
In general, uα does not coincide with vα. This implies that the heat flux defined by [22, 6]
qα = (ε+ P ) (uα − vα) (5.15)
does not vanish. Indeed, substituting Eqs. (5.13),(5.14) into (5.15) gives
qα =
h¯2
9
(2M0M3/M2 −M1)∆αµ ξν Rµν . (5.16)
The combination of the moments on the right–hand side of Eq. (5.16) can be zero for a very
special choice of the function F (p). It is surprising that the heat flux as well as the viscosity
(see Appendix C) do not vanish even when the classical distribution function describes local
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thermal equilibrium [25]. Though the effect is purely quantum, it could play an important
role in the early universe and in the evolution of massive stars. Some physical consequences
of this will be considered elsewhere.
If (and only if) the manifold M is static, that is the classical fluid motion is irrota-
tional, the quantum corrections in Eqs. (5.10),(5.11) vanish, which is consistent with Case
B in the limit V → 0, ξ = 1/6 (compare Eq. (5.6).
Finally, the quantum corrected number–flux vector and stress–energy tensor in a con-
formally stationary spacetime can be easily found with the aid of Eqs. (3.17),(3.18). For
the conformal coupling (ξ = 1/6) they are obtained by simply multiplying Eqs. (5.10) and
(5.11), respectively, by a−4 and a−6.
VI Concluding remarks
In summary, we have considered conformal properties of the covariant Wigner func-
tion. The transformation law (3.13) relates Wigner functions in manifolds conformally related
to each other, correct to second adiabatic order. Given a solution of quantum kinetic equa-
tions which govern the evolution of a quantum distribution function (a Wigner function)
of a specific system, one is able to evaluate Wigner functions for a wide class of systems
conformally related to the one under consideration.
There exist two possible applications of the result. First, our method allows one to
simplify an original system by reducing it to a simpler one for which the evolution can be
easily solved. As an example, we have found explicit solutions of the collisionless quantum
kinetic equations in conformally stationary/static spacetimes and analyzed the structure of
the quantum corrected stress–energy tensor and number–flux vector.
19
Second, in some theories of gravity, like Brans–Dicke–Jordan–type ones which have
been attracting a great deal of attention in recent years in connection with the low energy
limit of string theory (see, for instance, Ref. [26]), two metrics are involved: a physical metric
which enters matter equations, and the so called Einstein metric which satisfies Einstein–
like equations. The two metrics are usually conformally related to each other (though more
general relations have been suggested, see Ref. [27]), and one might want to solve matter
equations on the physical manifold and then express the solutions in terms of the metric
associated with gravity. Our method described in the present paper is especially suitable for
such theories.
We would like to finish our discussion by the following remark. It is well known
[18, 19, 22, 24] that local thermal equilibrium in a relativistic gas is possible in a very restric-
tive class of physical spacetimes. As we have shown, in a quantum system thermal equilibrium
is even more exceptional than in a classical one. Spacetimes in which quantum fields can
be in local thermal equilibrium are restricted to conformally static ones. Although we have
analyzed collisionless equations only, this is also correct for collision–dominated systems [24],
because quantum corrections to the collision integral are supposed to be small compare with
ones to the Liouville–Vlasov operator when a system is nearly equilibrium. Thus our results
provide further motivation for studying non–equilibrium processes in quantum systems in
curved spacetime.
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Appendix A : Evaluation of the transformation law for the
Wigner function
One can derive Eq. (3.13) by applying the Campbell–Baker–Hausdorff formula [29]:
exp(Dˆ) exp(−Dˆ) = exp
(
Dˆ − Dˆ − 1
2
[Dˆ, Dˆ] +
1
12
[Dˆ + Dˆ, [Dˆ, Dˆ]] + . . .
)
, (A1)
for the operators yα∇α and yα∇α. Making use of Eq. (3.8),(A1) and taking into account
the fact [11] that the operator ∇α commutes with ∂∂yα and annihilates yα immediately give
Eq. (3.10) with
Aα = 2yαyνaν − yνyνaα , (A2)
Bα = yµ∇ˆµAα −Aµ ∂∂yµAα
= 2yαyµyν(∇µaν)− yµyνyν(∇µaα)− 8yα(yνaν)2 + 2yαyνyνaµaµ + 4yνyνyµaµaα .
(A3)
Next, with the aid of Eqs. (3.10) and (3.12) we obtain:
Zˆ(x, y)Φ(x, y) =
(
1− 1
2
Aα∇ˆα + 1
6
Bα
∂
∂yα
+
1
8
AαAµ∇ˆα∇ˆµ
)
Φ(x, y)
+ terms of third or higher orders . (A4)
Using Eqs. (3.9),(3.11),(A4) and analogous identities for the conjugate field, we arrive at
Φ(x,−y)Φ†(x, y) = a−2
(
1− yαyβaα;β − 1
2
Aα∇ˆα − 1
6
Bα
∂
∂yα
+
1
8
AαAµ∇ˆα∇ˆµ
) (
Φ(x,−y)Φ†(x, y)
)
+ terms of higher orders . (A5)
Finally, substituting Eq. (A5) into the definition of the Wigner function (2.3) and integrating
by parts give Eq. (3.13) (the last term in the bracket on the right–hand side of Eq. (A5)
leads to terms of fourth adiabatic order which we do not keep).
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Appendix B : Conformal invariance of the collisionless quan-
tum kinetic equations
The equations for a Wigner function of a scalar field obeying the generalized Klein–
Gordon equation (2.4) read [8, 9, 11], to second adiabatic order:
Lˆ f(x, p) = h¯2Λˆf(x, p) , (B1)
Ω f(x, p) = −h¯2Πˆf(x, p) , (B2)
where Ω and Lˆ are respectively given by Eqs. (2.6) and (2.8), and the operators on the
right–hand side of Eqs. (B1) and B2 are
Λˆ =
1
6
Rνβµαp
µ ∂
2
∂pα∂pβ
Dν − 1
24
Rαµβν;σp
µpν
∂3
∂pα∂pβ∂pσ
+
1
12
Rνα
∂
∂pα
Dν − 1
24
Rαβ;νp
ν ∂
2
∂pα∂pβ
− 1
24
R;α
∂
∂pα
+
1
48
V;αβσ
∂3
∂pα∂pβ∂pσ
, (B3)
Πˆ = − 1
4
DαDα − 1
6
R− 1
12
Rαµβνp
µpν
∂2
∂pα∂pβ
− 1
4
Rµνp
µ ∂
∂pν
+
1
8
V;αβ
∂2
∂pα∂pβ
. (B4)
Here Dα is defined by Eq. (2.9), semicolons signify the covariant differentiation associated
with the metric gµν .
The operators Λˆ and Πˆ satisfy the following identity [11]:
[Λˆ,Ω] = [Lˆ, Πˆ] , (B5)
which allows one to look for solutions to Eqs. (B1), (B2) of the form (2.5) [9, 11]. The F’s
in Eq. (2.5) are given by
F1(x, p) = Πˆ Fcl(x, p) ,
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F2(x, p) =
1
2
[Πˆ,Ω] Fcl(x, p) ,
F3(x, p) =
1
6
[[Πˆ,Ω],Ω] Fcl(x, p) , (B6)
while the function Fqu(x, p) satisfies the equation [11]:
Lˆ Fqu(x, p) = Λˆ Fcl(x, p) + Πˆ ∆F (x, p) , (B7)
∆F (x, p) being defined by Eq. (2.10).
Consider now a conformally related spacetime with the metric gαβ = gαβ/a
2 and sup-
pose that f(x, p) satisfies the quantum corrected Vlasov equation and mass–shell constraint
in the presence of the external fields gαβ and V = V a
2. As we have shown in Sec. III,
the conformal transformation of the spacetime induces the following transformation of the
Wigner function defined in the cotangent bundle:
f(x, p) = a2 (1 + h¯2 Cˆ) f(x, p) , (B8)
where the operator Cˆ is, to second adiabatic order (cf. Eq. (3.13),
Cˆ =
1
24
(
−4aµ;ν + aα;αgµν + 28aµaν − 10aαaαgµν + 6aµDν − 3gµνaαDα
) ∂2
∂pµ∂pν
+
1
24
(
−2aµ;νpσ + aα;σgµνpα + 8aµaνpσ − 2aαaαgµνpσ − 4gµνaσaαpα
) ∂3
∂pµ∂pν∂pσ
. (B9)
If one takes into account the transformation laws for the Wigner function, Eq. (B8),
and for the Liouville–Vlasov operator, Eq. (3.3), and uses the equations for the function
f(x, p), one arrives at the following equations:
Lˆf(x, p) = h¯2
(
Λˆ + [Lˆ, Cˆ]− aα ∂
∂pα
(Πˆ + [Cˆ,Ω])
)
f(x, p)
+ terms of higher orders , (B10)
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Ω f(x, p) = −h¯2
(
Πˆ + [Cˆ,Ω]
)
f(x, p)
+ terms of higher orders . (B11)
Now, our task is to prove that these equations are tantamount, to second adiabatic order, to
Eqs. (B1), (B2). Tedious but straightforward calculations give the following results:
Πˆ + [Cˆ,Ω] = Πˆ a2 + aα
∂
∂pα
Lˆ+ 1
4
(4aµaν − aαaαgµν − aµ;ν)
∂2
∂pµ∂pν
Ω , (B12)
Λˆ + [Lˆ, Cˆ] = (Λˆ + aα ∂
∂pα
Πˆ) a2 +
1
4
(aµ;ν + a
αaαgµν)
∂2
∂pµ∂pν
Lˆ
− 1
24
(aµ;νσ − 8aµ;νaσ + 4aαaµ;α − 6aαaαaµgνσ)
∂3
∂pµ∂pν∂pσ
Ω . (B13)
When deriving Eqs. (B12), (B13) we have used the transformation laws for the Christoffel
symbols and Riemann tensor [23]:
Γαµν − Γαµν = δαµaν + δαν aµ − gµνaα , (B14)
a−2Rαµβν −Rαµβν = 2aν[αgµ]β − 2aβ[αgµ]ν , (B15)
where aαβ := aα;β − aαaβ + 12 gαβ aνaν . Recall also that aα := ∂α ln a, aα := gαβaβ and
semicolons in Eqs. (B9), (B12)–(B15) signify covariant differentiation associated with the
metric gαβ .
Substituting Eqs. (B12), (B13) into Eqs. (B10), (B11) completes the proof.
Appendix C : The stress–energy tensor
Consider, for simplicity, the theory of a real scalar field described by the action:
S =
1
2
∫
d4 x
√−g (h¯2∇αϕ∇αϕ+ h¯2ξRϕ2 − Uϕ2) , (C1)
24
R being the Ricci scalar, U an external potential not involving a metric dependence.
The variation of the action with respect to the metric tensor yields the stress– energy
tensor [1]:
Tµν(ξ, V ) = h¯
2∇µϕ∇νϕ + h¯2ξRµνϕ2
− 1
2
gµν(h¯
2∇αϕ∇αϕ+ 1
6
h¯2Rϕ2 − V ϕ2) − h¯2ξ(∇µ∇ν − gµν∇α∇α)ϕ2 . (C2)
We have introduced, for convenience, the generalized external potential [28]
V = U − h¯2(ξ − 1
6
)R . (C3)
The expectation value of the stress–energy tensor can be expressed in terms of the covariant
Wigner function (2.3) as follows [11]:
〈Tµν(ξ, V )〉 =
∫
d4 p√−g(x) (pµpν + h¯2ξRµν) f(x, p)
+ h¯2(
1
4
− ξ)(∇µ∇ν − gµν∇α∇α)
∫
d4 p√−g(x) f(x, p) . (C4)
The action (C1) is invariant under the conformal transformation (3.1). Notice that
the potential U is transformed as the following:
U = U/a2 + h¯2 (1− 6ξ) a−3∇α∇αa . (C5)
Since the transformation law for the potential explicitly involves the dependence on the
metric, the stress–energy tensor is not conformally invariant. With the aid of Eq. (3.13) we
obtain the following relation:
a2〈Tµν〉 − 〈Tµν〉 =
h¯2 (6ξ − 1)
(
a(µ∇ν) −
1
2
gµν aα∇α − aµaν −
1
2
gµν (∇αaα)
)∫
d4 p√−g(x) f(x, p) .(C6)
25
Simple algebra then leads to Eq. (3.18). When deriving Eq. (C6) we have used the identity
(B15) and the following property of the operator (2.9):
∫
d4 p√−g Dα f(x, p) = ∇α
∫
d4 p√−g f(x, p) , (C7)
which was proven in Ref. [11].
From Eq. (C6) it follows that the stress–energy tensor (multiplied by the density
(−g)1/4) is conformally invariant, but not tracefree, if ξ = 1/6. Tαα vanishes only if V = 0.
Any physical stress–energy tensor can be decomposed as follows [6]:
Tµν = (ε+ P )uµuν − Pgµν +Πµν , (C8)
where ε and P are, respectively, the energy density and the isotropic pressure, Πµν is the
tracefree viscosity tensor [Παα = 0 = u
αΠαβ ], and uν is a unit time–like vector [u
αuα = 1].
The perfect fluid stress–energy tensor takes the form:
0
T µν= (
0
ε +
0
P )
0
uµ
0
uν −
0
P gµν . (C9)
For small deviations from the perfect fluid structure, Tµν =
0
Tµν +
1
Tµν , one easily finds, to
first order in the deviations:
ε =
0
ε +uαuβ
1
Tαβ
P =
0
P +13∆
αβ
1
Tαβ
uµ =
0
uµ −∆αµuβ
1
Tαβ /(
0
ε +
0
P )
Πµν = (∆
α
µ∆
β
ν − 13∆µν∆αβ)
1
Tαβ ,
(C10)
where the projection operator has been introduced:
∆µν =
0
uµ
0
uν −gµν . (C11)
26
References
[1] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space (Cambridge Uni-
versity Press, Cambridge, 1982).
[2] L. Parker and J. Z. Simon, Phys. Rev. D 47, 1339 (1993).
[3] L. H. Ford, Ann. Phys. 144, 238 (1982); Ch.-I. Kuo and L. H. Ford, preprint gr–
qc/9304008 (1993).
[4] E. P. Wigner, Phys. Rev. 40, 749 (1932).
[5] P. Carruthers and F. Zachariasen, Rev. Mod. Phys. 55, 245 (1983).
[6] S. R. de Groot, W. A. van Leeuwen, and Ch. G. van Weert, Relativistic Kinetic Theory
(North–Holland, Amsterdam, 1980).
[7] S. Habib and H. E. Kandrup, Ann. Phys. (N. Y.) 191, 335 (1989).
[8] J. Winter, Phys. Rev. D 32, 1871 (1985).
[9] E. Calzetta, S. Habib, and B. L. Hu, Phys. Rev. D 37, 2901 (1988).
[10] O. A. Fonarev, Izv. VUZov. Fizika 9, 47 (1990) (Soviet Phys. J. 33, 759 (1990) ).
[11] O. A. Fonarev, preprint gr–qc/9309005; to appear in J. Math. Phys. (Febr., 1994).
[12] T. S. Bunch and L. Parker, Phys. Rev. D 20, 2499 (1979).
[13] K. Pirk and G. Bo¨rner, Class. Quantum Grav. 6, 1855 (1989).
[14] O. A. Fonarev, preprint gr–qc/9312019; submitted to Phys. Lett. A (1993).
27
[15] O. A. Fonarev, Phys. Lett. A 152, 153 (1991).
[16] O. A. Fonarev, Ph.D. Thesis, Tomsk University, Tomsk, USSR, 1991 (unpublished).
[17] J. D. Bekenstein, Ann. Phys. 82, 535 (1974); H.-J. Schmidt, Phys. Lett. B 214, 519
(1988); T. Futamase and K. Maeda, Phys. Rev. D 39, 399 (1989).
[18] G. E. Tauber and J. W. Weinberg, Phys. Rev. 122, 1342 (1961).
[19] J. Ehlers, P. Geren, and R. K. Sachs, J. Math. Phys. 9, 1344 (1968).
[20] K. Yano and Sh. Ishihara, Tangent and Cotangent Bundles: Differential Geometry (Pure
and Applied Mathematics: A Series of Monographs and Textbooks) (Marcel Dekker,
Inc., New York, 1973).
[21] A. A. Vlasov, Statistical distribution functions (Nauka, Moscow, 1966) (in Russian).
[22] W. Israel, in General Relativity: Papers in Honour of J. L. Synge, edited by L.
O’Raifeartaigh (Clarendon, Oxford, 1972), p. 201.
[23] K. Yano, Integral Formulas in Riemannian Geometry (Pure and Applied Mathematics:
A Series of Monographs and Textbooks) (Marcel Dekker, Inc., New York, 1970).
[24] J. M. Stewart, Non–Equilibrium Relativistic Kinetic Theory (Lecture Notes in Physics,
Vol. 10) (Springer, Berlin, 1971).
[25] O. A. Fonarev, in Proceedings of the 3rd International Wigner Symposium, Oxford, 1993
(to appear); preprint gr–qc/9311018 (1993).
28
[26] A. A. Tseytlin, Class. Quantum Grav. 9, 979 (1992); D. S. Goldwirth and M. J.
Perry, preprint hep–th/9308023 (1993); T. Damour and A. M. Polyakov, preprint hep–
th/9401069 (1994).
[27] J. D. Bekenstein, Phys. Rev. D 48, 3641 (1993).
[28] L. Parker and D. J. Toms, Phys. Rev. D 29, 1584 (1984).
[29] J.–P. Serre, Lie algebras and Lie groups: Lectures given at Garvard University (Ben-
jamin, New York, 1965).
29
